Recent far-infrared vibration-rotation-tunneling experiments have probed intricate details of the hydrogen bond tunneling dynamics in the water trimer through excitation of intermolecular vibrational transitions to states of sequentially increasing energy. The experimentally observed bifurcation splitting in the water trimer evolves from an equally spaced quartet in the vibrational ground state to a slightly asymmetrical quartet for intermediate torsional vibrational states lying below 100 cm Ϫ1 . Even more asymmetric bifurcation splittings have been observed in the out-of-plane librational band of (H 2 O) 3 near 520 cm
I. INTRODUCTION
The study of small water clusters in the gas phase is motivated by the quest for an accurate intermolecular potential energy surface for liquid water, [1] [2] [3] [4] [5] [6] and for a detailed molecular description of the associated hydrogen bond rearrangement dynamics. Ultimately, we seek to understand quantitatively every detail of the extensive terahertz vibration-rotation-tunneling ͑VRT͒ spectra now available for various isotopomers of the dimer, trimer, tetramer, pentamer, and hexamer, in the anticipation that such a detailed understanding of these small systems will illuminate the nature of the bulk phases of water. While we are presently converging towards such a complete description of the water dimer via complete treatments of the VRT dynamics occurring on global potential surfaces, our understanding of the larger clusters is much less complete. [2] [3] [4] [5] [6] Bifurcation and torsional tunneling ͑see Fig. 1͒ both result in observable splittings in VRT spectra of the water trimer. 7 Bifurcation tunneling has not been studied in as much detail as has torsional tunneling; however, it has now been observed for the water dimer through hexamer, except for the tetramer. 17 This motion is of particular interest, as it is the lowest energy pathway for breaking and making hydrogen bonds in water clusters, and correlates with the librational motions thought to effect such processes in the liquid.
14 Analysis of the bifurcation tunneling splitting has recently provided an estimate of the hydrogen bond lifetime in the water trimer; the result is remarkably similar to the predictions from models for liquid water. 14 
II. BACKGROUND: TUNNELING IN THE WATER TRIMER
The oblate symmetric top spectrum of water trimer results from vibrational averaging over large amplitude torsional motions of the unbound hydrogens on the time scale of the FIR-VRT experiment ͑Fig. 1͒. This torsional motion occurs via the facile ''flip'' process, which was first characterized for an empirical potential. 36 The first ab initio flipping pathway was presented by Wales, 7 while Fowler and Schaefer also characterized the corresponding transition state. 37 Wales originally identified two other degenerate rearrangement mechanisms ͑rearrangements between permutational isomers͒ for the trimer having much larger barriers, and suggested that one of them ͑the ''donor'' or ''bifurcation'' pathway͒ might be responsible for the regular quartet splittings observed experimentally at high resolution. In this mechanism, one water monomer becomes a double hydrogen bond donor in the transition state, rotating roughly about the local axis perpendicular to the monomer plane ͑not the C 2 axis͒ as shown in Fig. 1 .
From the experimentally determined intensity and splitting patterns, it is possible to gain quantitative insight into the bifurcation tunneling dynamics. This insight requires a molecular symmetry group analysis and construction of the reaction graph corresponding to the ''feasible'' 38 mechanisms to evaluate the contribution of different tunneling pathways to the overall tunneling in each vibrational level. The first detailed theoretical description of torsional and bifurcation tunneling in the water trimer considered various a͒ tunneling pathways for both empirical and ab initio potentials, and applied a Hückel model to calculate the tunneling splittings. 7 Gregory and Clary presented a numerical treatment of both the torsional and bifurcation tunneling in the ground states of the trimer using the DQMC approach. 16 The single flip mechanism ͑Fig. 1͒ links each permutational isomer to two others in sets of six, giving a secular problem from degenerate perturbation theory isomorphic to the system of benzene 7, 39 with the splitting pattern,
where ␤ 1 f is the tunneling matrix element for the flip. The molecular symmetry group 40 has order six and is isomorphic to C 3h . 41 van der Avoird et al. employed an alternative notation for the irreducible representations ͑IR's͒ of this group, writing the permutation-inversion generator for the flip as Fϭ(ACB)(153)(264)*. 11 The complex characters can then be written as (k) and A 1 Ϫ ϵA 2 , (kϭ3). There is now general agreement that the quartet splittings observed experimentally ͑see Fig. 2͒ are due to bifurcation tunneling. When both the bifurcation mechanism and the single flip are feasible, the molecular symmetry group, G (48) , has order 48 ͑Ref. 7͒ and is identical to the group deduced in previous work for the acetylene trimer 42 ͑Table I͒. Walsh and Wales subsequently made an extensive analysis of the bifurcation tunneling pathway, especially regarding the number of simultaneous torsional flips of neighboring water molecules, and found that the details of the path were very sensitive to the level of ab initio theory employed. 8 The most recent calculations of Taketsugu and Wales suggest that the pathways calculated for bifurcation pass close to a transition state for a single flip rearrangement. 43 The motion of the bifurcating water molecule is not sensitive to the level of theory used, but the number of associated flips seems to change with the basis set or the correlation energy treatment in an unpredictable way. This result is clearly due to the facile nature of the flip compared to the bifurcation, since the torsional rearrangement is a relatively small perturbation to the bifurcation path.
In the limit where the bifurcation tunneling matrix element is small compared to the torsional tunneling matrix element, Wales and Walsh found that only two different splitting patterns resulted from the six possible combinations of flips that produce a degenerate rearrangement 44 in combination with bifurcation tunneling. 10 The same molecular symmetry group, 40 G(48) ͑Table I͒, applies to both cases. These splitting patterns were designated ''A'' and ''B,'' each associated with three of the six possible flip combinations ͑Table II͒. van der Avoird et al. also considered two of the possible generators for bifurcation rearrangements, namely ͑ACB͒͑164253͒ and ͑34͒*, corresponding to A1 and B3 in Table II. 11 They reproduced the patterns deduced by Walsh and Wales, 10 enabling Olthof et al. to show that the kϭ3 ←kϭ0 transitions in the 41.1 cm Ϫ1 band of (D 2 O) 3 follow the B, rather than A, pattern under the assumption that the tunneling matrix element is constant within each torsional manifold. 35 Although van der Avoird et al. 11 describe the bifurcation tunneling splittings somewhat differently from the previous work, 7,10 the results are, in fact, the same. The 48 permutational isomers that are linked by single flip and bifurcation rearrangements are split into states with degeneracies 8:16:16:8 by the flip mechanism alone, as in Eq. ͑1͒. Bifurcation tunneling splits each of these four sets of states into quartets in both the A and B patterns, 7, 10, 11 albeit with accidental degeneracies in the kϭϮ1 and kϭϮ2 sets ͑see Table III for the B pattern͒ neglecting effects of Coriolis perturbations.
Bifurcation tunneling has been observed for nearly all (D 2 O) 3 and (H 2 O) 3 VRT bands, however, the details of these tunneling splittings, such as the magnitude of the splitting, intensity patterns, and irregularities have never been Such regular quartets are observed for all transitions except for ͉K͉ϭ0 ←1. For the latter transitions ''anomalous'' quartets are observed ͑right͒, which have a similar but nonconstant spacing of about 0.9 MHz. The intensity pattern of the ''anomalous'' quartets is roughly 2:9:4:6, and the varying linewidth is caused by the overlap of multiple transitions.
TABLE II. The twelve combinations for exchanging the free and bound hydrogen on each monomer together with 0, 1, or 2 flips of neighboring monomers are listed together with the permutation-inversion generator operations. The generators are based on the labeled trimer structure depicted in Fig. 1 , which is the same as in previous work ͑Refs. 7, 10͒. Monomer A is the maj͑ority͒ donor, B the maj͑ority͒ acceptor and C the min͑ority͒ monomer. The level of theory of calculations at which each pathway was found is also shown, along with the A1-3 and B1-3 classifications used in previous work ͑Refs. 10 
reported or discussed in depth for all observed bands. Therefore, a brief review of the experimental results will follow. 3 . These quartets will henceforth be referred to as ''regular'' quartets. ''Anomalous'' quartets with intensity patterns distinct from the ''regular'' quartets and slightly unequal spacing ͑see Fig.  2 right͒ are only observed for some of the transitions involving Kϭ0 ͑K is the quantum number for the projection of the overall rotation onto the pseudo-threefold axis of the water trimer͒. Both sets of ''quartets'' will be discussed in detail. Lastly, there are some additional splitting of bifurcation tunneling components that are J-dependent, arising from Coriolis coupling. J is the quantum number for the total angular momentum. The splitting of the quartets varies between 1 and 10 MHz and between 40 and Ͼ40 000 MHz for (D 2 O) 3 and (H 2 O) 3 , respectively. The splitting is larger for (H 2 O) 3 because of the smaller mass, and, furthermore, the 520 cm
Ϫ1
librational band has a much higher frequency and, thus higher internal energy than any (D 2 O) 3 band.
Although the observed bifurcation splittings generally increase with the energy of the vibrational band for both (D 2 O) 3 and (H 2 O) 3 , we note that these splittings depend on the sign of the bifurcation matrix element in the upper and lower rovibrational state, and thus may not follow a clear trend. Furthermore, no regular quartets were observed in the 142.8 cm Ϫ1 band of (D 2 O) 3 , the highest energy (D 2 O) 3 VRT band observed to date. Thus, it follows that the bifurcation splitting is too small to be determined experimentally ͑Ͻ1 MHz͒ and that the magnitude of the splitting does not change significantly between the upper and lower vibrational states. Table IV shows that anomalous quartets are observed for Kϭ0 rotational states of all (D 2 O) 3 bands involving k ϭϮ1 and kϭϮ2 levels, which will be discussed later. All states with ͉K͉Ͼ0, except for the Kϭ2 states of the 19.5 cm Ϫ1 band, exhibit regular quartets. The J-dependent splitting of the Kϭ2 states of the 19.5 cm Ϫ1 (D 2 O) 3 band was only observed for high J values, and results from Coriolis perturbations that appear beyond second order. The analysis of the anomalous quartets of (D 2 O) 3 provides valuable insight into the details of the bifurcation tunneling dynamics. 35 Specifically, the anomalous quartets of the 28 and 98 cm Ϫ1 (D 2 O) 3 bands will be used in our analysis, as these are the only ones that have adequate intensity and have been sufficiently well characterized.
In the degenerate kϭϮ1 and kϭϮ2 states of (H 2 O) 3 such a clear distinction between anomalous and regular bi-TABLE III. General B splitting pattern for water trimer and J, Kϭ0 when the only nonzero matrix elements considered are ␤ 1b and ␤ 1 f . The two limits ͉␤ 1b ͉Ӷ͉␤ 1 f ͉ and ͉␤ 1b ͉ӷ͉␤ 1 f ͉ are given as series expansions correct to order ␤ 1b 2 and ␤ 1 f 2 , respectively. The parameter c 3 . 35 The first excited torsional manifold corresponds to the symmetry adapted combinations of the 48 localized first excited states.
If ␤ 1b , the matrix element corresponding to an elementary bifurcation, is constant within the first torsional manifold, then considering all the symmetry allowed transitions within this manifold, we find that the observed spacing between the regular quartet components should be Ϫ Tables V and VI͒ . 10 The results in Table  IV , which include additional bands observed after the analysis of Olthof et al., demonstrate that the premise of constant bifurcation matrix elements within each torsional manifold is not realized and therefore a reanalysis of the tunneling dynamics is necessary.
Recently, Brown et al. presented a quantitative characterization of the torsional energy levels of (H 2 O) 3 , which includes a fit of all the bifurcation tunneling components. 23 Although Brown et al. were able to fit all the (H 2 O) 3 bands below 100 cm
, the observed shifts of the T states with respect to the A states had to be fitted to an empirical expression without a theoretical explanation. An (H 2 O) 3 librational band at about 520 cm Ϫ1 has also been observed with a very large ͑Ͼ1 cm Ϫ1 ͒ and irregularly spaced splitting. 25 These results indicate that further development of the theory of tunneling in the water trimer is in order. 
Kϭ0
KϭϮ1
van der Avoird et al. showed that there is no first-order Coriolis splitting in water trimer, but in second-order, new J-dependent effects occur, where J is the quantum number for overall rotation. 11, 22, 23 The Coriolis interaction lifts the accidental degeneracy ͑time reversal͒ between the kϭϮ1 levels ͑and the kϭϮ2 levels͒ and, thus, introduces further splittings. When the J quantum number for total angular momentum is nonzero, significant Coriolis effects can occur, including splittings that result from coupling between Coriolis and bifurcation tunneling effects, and the resulting spectrum becomes quite complicated. The results also depend on K. The splitting of Kϭ0 states arises simply from bifurcation tunneling and is J-independent, resulting in a quartet of states for each of kϭ0, kϭϮ1, kϭϮ2, and kϭ3 ͑see Tables  III and V͒. In vibrational transitions involving only kϭ0 and kϭ3 levels, regular quartets are observed for all K states, except for Kϭ1 states in (H 2 O) 3 
cases: the A pattern quartets for kϭϮ1 and kϭϮ2 have symmetrical but unequal spacings, whereas the spacings are all the same throughout the B pattern. 10 Of course, the observed transitions consist of energy differences between levels. For example, in a kϭϮ2←0, Kϭ0←1 transition the kϭ0 T 1 Ϫ and T 2 Ϫ states have allowed transitions to two T 1 ϩ and two T 2 ϩ states, respectively. There are also two allowed transitions to the E levels of kϭϮ2 (E 2 ϩ ←E 2 Ϫ and E 1 ϩ ←E 1 Ϫ ) giving six transitions altogether ͑see Table VI͒ . In practice, overlapping signals as well as weak intensities for some of the transitions produce a complex pattern. The experimental results frequently appear as ''anomalous'' quartets ͑distinct from the ''regular'' bifurcation quartets͒ with slightly unequal spacing and distinct intensity patterns. These ''anomalous'' transitions are particularly important, as they provide a discrimination between the A and B patterns.
All states with kϭϮ1 and kϭϮ2 exhibit a splitting proportional to K due to second-and higher-order Coriolis perturbations, and the results resemble the effect of a firstorder Coriolis interaction. This splitting lifts the degeneracy of certain kϭϮ1 and kϭϮ2 states. 22 Table V shows the resulting bifurcation splitting patterns, without the shifts and splittings introduced by the Coriolis interaction, which occur only for KϾ0. In the case of the kϭϮ1, KϭϮ1 states the Coriolis interaction splits the kϪKϭϮ2 and kϪKϭ0 states. Table V shows that for kϪKϭ0 there are two sets of four bifurcation components, and these two sets are also split by the Coriolis interaction so that no accidental degeneracies remain and there is no interaction between the two T 1 ϩ and two T 2 ϩ states. For each of the two sets regular quartets are observed. The kϪKϭϮ2 states also contain T states that are accidentally degenerate. However, the Coriolis interaction between these states is so small that it does not result in an observable splitting in (D 2 O) 3 . In (H 2 O) 3 the splitting of such T states by Coriolis interaction and bifurcation tunneling is a complicated function of J and K for ͉K͉Ͼ0, and decreases with K. The KϭϮ1 states with kϭ0 and 3 additionally exhibit a small J-dependent splitting of the T states 
through Coriolis coupling to the Kϭ0 T states of the k ϭϮ1 and kϭϮ2 levels, respectively. This perturbation produces splittings that are proportional to J(Jϩ1), and the effects are only observable in (H 2 O) 3 .
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III. TUNNELING SPLITTING PATTERNS
Ideally, one would like to solve the 21-dimensional quantum nuclear dynamics problem as a function of the rotational quantum numbers, 44 but this calculation lies beyond current computational capabilities. Numerical treatments 29-31,45-52 have certainly proved useful, but including the coupling of torsional and bifurcation motion, and inter-and intramolecular degrees of freedom in excited states, remains prohibitive. Here we adopt a much simpler approach, based only on analysis of the reaction graph describing the connections between minima when particular hydrogen bond rearrangements are considered ''feasible. '' 38 Each feasible mechanism can be associated with a tunneling matrix element, ␤, ͑Table VII͒ and applying degenerate perturbation theory to the localized wave functions corresponding to different permutational isomers results in a 48ϫ48 secular determinant. If there are only a few feasible pathways, then the spectrum of tunneling energy levels can often be represented analytically in terms of the ␤'s. Such solutions have been presented in previous work for the limit in which the bifurcation matrix element, ␤ 1b , is much smaller in magnitude than that for the flip rearrangement, ␤ 1 f . 7, 10 In the present treatment, we give analytical expressions for the energies of the tunneling states that are valid for matrix elements of arbitrary magnitude. The limit ͉␤ 1b ͉ Ӷ͉␤ 1 f ͉ is correctly reproduced, and is given in Table III together with the general form and the alternative limit ͉␤ 1b ͉ӷ͉␤ 1 f ͉, as well as the symmetry classification of the levels in G (48) . We have also derived analytic expressions that include the contributions from additional pathways composed of multiple elementary flip and bifurcation rearrangements ͑Table VIII͒; the limit for small ͉␤ 1b ͉ and ͉␤ 1 f 1b ͉ is given in Table IX . Hence we have extended the previous Hückel-type treatment to include the interference between wave functions of nonadjacent permutational isomers. Bunker and co-workers have shown that such terms are important in other systems. 53, 54 It seems unlikely that the higher energy ''crown'' minimum perturbs the observed spectrum significantly. 10 We therefore consider participation of different tunneling pathways and the breakdown of the ͉␤ 1b ͉Ӷ͉␤ 1 f ͉ limit to seek an explanation for experimentally observed quartets without constant spacings, such as those reported by Brown et al. 23 and Keutsch et al. 25 In the next section we verify that the bifurcation splitting follows the B pattern, 10 and analyze the effect of multiple tunneling pathways and the breakdown of the ͉␤ 1b ͉Ӷ͉␤ 1 f ͉ limit in this case. Matrix elements for rearrangements corresponding to combinations of n flips and m bifurcations will be designated ␤ n f mb . For specificity, our calculations were performed for a particular bifurcation mechanism from the set that generates a B-type splitting, namely (34)*. The possibilities that we have considered in the present work are listed in Table VII , along with the corresponding permutation-inversion ͑PI͒ generators. Our conclusions would not be qualitatively different if we had chosen (12)* or (56)* as the bifurcation generator. One further simplification is made, namely, we do not distinguish between matrix elements with different numbers of primes, such as ␤ 1 f 1b and ␤ 1 f 1b Ј ; these matrix elements are not equivalent by symmetry, but we expect them to be similar because they involve the same number of flip and bifurcation paths. The most general splitting pattern is given in Table VIII . The generators corresponding to ␤ 1 f 1b and ␤ 1 f 1b Ј each result in the A pattern when combined on their own with the single flip, if the corresponding matrix elements are small in magnitude compared to ␤ 1 f , in agreement with previous work. 7, 10 Similarly, the generators for the alternative bifurcation paths, (12)* and (56)*, give the B pattern if they are combined on their own with the generator for the single flip in the appropriate limit. However, it is important to realize that once a generator for the bifurcation has been chosen, the alternative choices no longer correspond to an elementary bifurcation, but to a bifurcation in combination with additional flips.
IV. THE "D 2 O… 3 HIGH BARRIER LIMIT
Here we consider the limit ͉␤ 1b ͉Ӷ͉␤ 1 f ͉ and first confirm that the experimentally observed splitting pattern corresponds to case B. 10 Including the alternative multiple rearrangement pathways listed in Table VII Table IV . If bifurcation splitting is entirely ne- 3 , and suggest that the single flip itself accounts for most of the observed splitting, with double and triple flips contributing only about 7% and 3% in (D 2 O) 3 and 1% each in (H 2 O) 3 , respectively.
As the torsional motion is nearly barrierless, we have considered tunneling matrix elements corresponding to elementary bifurcation accompanied by additional torsional flips. All the bifurcation tunneling splittings observed for (D 2 O) 3 are very small ͑Ͻ10 MHz͒, so that the ͉␤ 1b ͉ Ӷ͉␤ 1 f ͉ limit should still be valid. We have therefore restricted our analysis to matrix elements corresponding to single bifurcations accompanied by up to two flips ͑Table IX͒.
From the regular quartets it is not possible to distinguish between the A and B splitting patterns if the matrix elements vary within each torsional manifold. However, for both patterns, it is possible to calculate effective ␤ b 's for all the torsional energy levels as a function of the corresponding parameter in the kϭ0°state, ␤ b 0 ϵ␤ b (0 0 ), using the regular quartets and Table VI . ͑A definition of ␤ b for the B pattern is given below.͒ The ''anomalous'' quartets observed in Kϭ0 states allow us to distinguish between the two patterns and to estimate ␤ b 0 .
From such an analysis of the anomalous quartets of the 98 cm Ϫ1 band, Olthof et al. concluded that the bifurcation tunneling pathway corresponds to the B pattern, rather than the A. 35 If ␤ b is not fixed within each torsional manifold, a 
value of ␤ b 0 can be found for both patterns that fits the anomalous quartets observed in the 98 cm Ϫ1 band, as well as all the regular quartets. However, only the B splitting pattern can also explain the observed anomalous splittings of the 28 cm Ϫ1 band. We therefore conclude that in (D 2 O) 3 the bifurcation tunneling pathway indeed corresponds to the B pattern. From Table VII it follows that bifurcation tunneling proceeds via a pathway corresponding to one of the generators (12)*, (34)*, or (56)*. It is worth noting that some of the pathways corresponding to the generators for ␤ 1 f 1b and ␤ 2 f 1b result in the A pattern, when combined individually with the single flip. However, once (34)* is chosen as the elementary bifurcation these other generators correspond to elementary bifurcations with additional flips. In order to quantify the magnitude of the bifurcation matrix elements in the different torsional states, we use the energy expressions in Table IX . Even though we have chosen (34)* as the elementary bifurcation, and thus expect the matrix elements ␤ 1b to be larger than ␤ 1 f 1b or ␤ 2 f 1b , it is not possible to distinguish the different contributions to the regular quartets. From the regular quartets it is only possible to evaluate an effective ␤ b , which is a combination of ␤ 1b , ␤ 1 f 1b and ␤ 2 f 1b for the different torsional levels, as a function of ␤ b 0 . The results are shown in Table X , and the effective ␤ b for all torsional states are:
The magnitude of ␤ b 0 was next adjusted to reproduce both the anomalous quartets of the 28 cm Ϫ1 and 98 cm Ϫ1 bands, thus quantifying the magnitude of the tunneling splittings and the effective ␤ b for all the torsional states ͑see Table X͒ . The values determined for ␤ b (1 0 ) and ␤ b (2 0 ) also produce a small J-independent ''asymmetric'' doublet splitting for Kϭ0 transitions of the 19.5 cm Ϫ1 band, which was indeed observed experimentally. Each doublet transition consists of a convolution of three transitions, and our results predict the higher frequency transition to be slightly broader and more intense, in detailed agreement with the experiment. We note that the adjusted fitted values are consistent with our original assumption that ͉␤ 1b ͉Ӷ͉␤ 1 f ͉ and quantitatively reproduce both the regular and anomalous bifurcation tunneling patterns in all the torsional transitions. Finally, we note that we have not included the 142.8 cm Ϫ1 band. The anomalous splitting of Kϭ0 in this band has been described before but not fully explained. 24 TABLE IX. Splitting patterns for water trimer when the pathways listed in Table VII contribute nonzero matrix elements. Here we consider the limit where both ͉␤ 1b ͉ and ͉␤ 1 f 1b ͉ are small. Ϫ1 , but all the other matrix elements are in MHz. 3 . Unfortunately, we are not able to determine the origin of the shift observed by Brown et al. 23 We note that inclusion of multiple bifurcation events will result in such a shift. However, pathways corresponding to more than one bifurcation rearrangement are not expected to contribute significantly because the ͉␤ 1b ͉Ӷ͉␤ 1 f ͉ limit still applies quite well to these states. This conclusion follows both from the fact that for the near barrierless flip, such multiple tunneling events are nearly negligible, and from the results for the librational band below. 0 and kϭ2 0 states. This assignment seems unlikely, and suggests that other generators that contribute to our effective ␤ b may also be involved in the J-dependent splitting of the KϭϮ1 states for kϭ0 0 and 3 0 . For the librational band, the analysis is more difficult, as only three of the four tunneling components have been observed and their symmetries could not be determined. In this band the bifurcation splitting is so large that each of the four components appears as an individual subband, rather than as one rotational transition split by bifurcation tunneling into a quartet. It is, however, clear that the subband corresponding to the A 1 symmetry state was not observed, because it only has nonzero intensity for Kϭ3m and therefore should be easily identifiable, as only every third transition is observed in each P and R branch. The three subbands are centered at 517.2, 523.9, and 525.3 cm Ϫ1 . The 523.9 cm Ϫ1 band is probably a T state, since it has a J-dependent splitting of the K ϭ1 levels analogous to that of the T states of the 87 cm Ϫ1 band. The splitting was observed in the P, Q, and R branches of the 523.9 cm Ϫ1 band, whereas it was only observed in the P and R branches in the 87 cm Ϫ1 band. This result is understandable if the observed splitting is dominated by the upper state contribution in the librational bands, whereas in the 87 cm Ϫ1 band it arises instead from the sum of the splittings in the upper and lower levels in the P and R branches and the difference of the splittings in the Q branch. The Kϭ1 splitting of the 523.9 cm Ϫ1 band is about three orders of magnitude larger than in the 87 cm Ϫ1 band, providing strong evidence that the bifurcation matrix elements are much larger in the librational state. It is not possible to make a quantitative estimate, as the splitting depends on the Coriolis coupling to the nearest degenerate states, which is not known. It is unclear why no ͉K͉ϭ1 splitting of either of the other two assigned subbands was observed, even though one of them is thought to be a T state.
Although no detailed assignment of tunneling symmetries is possible for the observed librational band at present, an estimate of the magnitude of the bifurcation tunneling splitting may be obtained from the smallest observed splitting, ͑1.4 cm Ϫ1 or about 42 000 MHz͒, which is some three orders of magnitude larger than in the torsional states. It is therefore clear that the bifurcation splitting in the excited state of the 520 cm Ϫ1 band is many orders of magnitude larger than in the ground state. The limit ͉␤ 1b ͉Ӷ͉␤ 1 f ͉ is no longer valid and the more general results from Table III have to be used. We assume that the three bands correspond to the A 2 , T 1 , and T 2 components, which results in six possible assignments. The two assignments with the A 2 symmetry corresponding to the 523.9 cm Ϫ1 band are unlikely because of the splitting of the Kϭ1 states. The symmetry of the observed excited vibrational state is A 1 Ϫ and the transition corresponds to excitation of the A 1 Ϫ out-of-plane libration. 25 The splittings from torsion and bifurcation therefore follow the energy expression for the ground state, with the exception that the general expression ͑center column͒ in Table III has to be used. Interestingly, the only assignments that results in real matrix elements is if the symmetry of the 525.3 cm Ϫ1 subband is T 1 Ϫ , the 523.9 cm Ϫ1 subband T 2 Ϫ , and the 517.2 cm Ϫ1 subband A 2 Ϫ . The values of the bifurcation and torsional matrix elements are either ␤ 1 f ϭϪ3.1 cm Ϫ1 and ␤ 1b ϭϪ2.3 cm Ϫ1 , or ␤ 1 f ϭ1.6 cm Ϫ1 and ␤ 1b ϭ4.6 cm Ϫ1 . This shows that for both assignments ͉␤ 1b ͉Ӷ͉␤ 1 f ͉ is indeed no longer valid.
It is also possible that pathways corresponding to more than one bifurcation could contribute to tunneling for this band. However, we have already noted that the effect of double and triple flip paths is small compared to the single flip mechanism, so this explanation is probably less likely.
VI. CONCLUSIONS
We have presented fits of the observed terahertz VRT spectra of (H 2 O) 3 and (D 2 O) 3 for transitions that correspond to excitation of torsional and librational states. For (D 2 O) 3 , the transitions are fitted for the limit ͉␤ 1b ͉Ӷ͉␤ 1 f ͉ using matrix elements corresponding to single, double, and triple flips, the elementary bifurcation path, and a path corresponding to bifurcation plus an extra flip. Aside from the purely torsional matrix elements, the fit provides tunneling parameters for the excited states in terms of the value of the corresponding parameter in the kϭ0 0 state. In agreement with the analysis of Olthof et al., we find that the bifurcation pathway corresponds to the B splitting pattern, 7, 10 where bifurcation is accompanied by two simultaneous flips. The corresponding permutation-inversion generator is one of (12)*, (34)*, or (56)*.
A quantitative fit of the effective bifurcation matrix elements for (D 2 O) 3 was made possible by the analysis of all the regular splittings of all the observed bands along with the anomalous splittings of the 28 and 98 cm Ϫ1 bands. We currently have no definitive explanation for the anomalous splittings of the 142.8 cm Ϫ1 band, which remains the only unexplained spectral feature for any observed (D 2 O) 3 VRT band.
The analysis of the bifurcation tunneling dynamics in (H 2 O) 3 does not allow such a quantitative description, however we can express the effective bifurcation matrix elements in terms of the corresponding parameters for kϭ0 0 , which we estimate to be around Ϫ200 MHz. We can also explain the splitting of the Kϭ1 states in the 523.9 cm Ϫ1 band and suggest that the splittings in the librational band do not require the involvement of tunneling pathways containing multiple flips or bifurcations, but instead reflect the breakdown of the ͉␤ 1b ͉Ӷ͉␤ 1 f ͉ limit. However, we cannot determine how much tunneling pathways with additional flips might contribute to the overall tunneling splitting. More experimental work is necessary to determine all the tunneling components of the librational band, and possible degenerate vibrational states in the vicinity, to evaluate the Coriolis parameter for the Kϭ1 splitting of the 523.9 cm Ϫ1 band and to identify the subband corresponding to the A 1 tunneling symmetry.
